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Abstract 
The buckling and free vibration of initially stressed functionally graded cylindrical shell 
reinforced with non-uniformly distributed graphene platelets (GPLs) are investigated using the 
state-space formulation based on three-dimensional elasticity theory. The shell is under an axial 
initial stress and composed of multilayers with GPLs uniformly dispersed in each individual layer 
but its weight fraction changing layer-by-layer along the thickness direction. The modified 
Halpin-Tsai model and rule of mixtures are employed to evaluate the effective elastic properties 
of the GPL-reinforced shell. Analytical buckling and frequency solutions are obtained for simply 
supported shells. Numerical results are presented for functionally graded GPL-reinforced 
cylindrical shells with five GPL dispersion patterns (GPL-UD, GPL-V, GPL-A, GPL-X, and 
GPL-O). The effects of GPL weight fraction, dispersion pattern, geometry, and size as well as the 
influence of initial stress on the buckling and free vibration characteristics of the shell are 
discussed in detail. It is found that the addition of a small amount of GPLs significantly increases 
the critical buckling stress and natural frequencies. The GPL-X pattern outperforms other patterns 
for thin composite shells while the uniform pattern GPL-UD works better for thick composite 
shells. 
Keywords: buckling; vibration; functionally graded plate; graphene platelet; three-dimensional 
elasticity theory; state-space approach. 
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1. Introduction 
Functionally graded materials (FGMs) are a new type of inhomogeneous materials 
consisting of two (or more) different materials wherein the material properties vary smoothly and 
continuously along certain spatial directions. FGMs have become essential elements for 
maintaining and strengthening existing infrastructure due to their excellent mechanical behaviors 
(Erdogan, 1995; Noda, 1999; Sankar, 2001), and have been used in a wide range of applications 
(Cantwell, 1991). Since discovered by Iijima (Iijima, 1991), carbon nanotubes (CNTs) have been 
regarded to be the ideal candidates as advanced nanofiller materials to enhance the physical 
properties of composites owing to their extraordinary physical properties (Esawi and Farag, 
2007). In the past decades, the mechanical properties of CNTs-reinforced composites have 
attracted extensive attentions, such as Thostenson et al. (2001), Cantournet et al. (2007), Gibson 
et al. (2007), to name but just a few. Stimulated by the concept of FGMs, Shen (2009) 
investigated the nonlinear bending of functionally graded carbon nanotube-reinforced composites 
(FG-CNTCRs) which was successfully fabricated by a powder metallurgy route (Kwon, et al., 
2011). Ke et al. (2010) studied the nonlinear free vibration of functionally graded nanocomposite 
beams reinforced by single-walled carbon nanotubes within the framework of Timoshenko beam 
theory and von Kármán geometric nonlinearity. Shen (2012) discussed thermal buckling and 
postbuckling behavior of FG-CNTs reinforced composite cylindrical shells with temperature 
dependent properties. Ke et al. (2013) obtained dynamic instability solutions for FG-CNTC 
beams under an axial pulsating load. Alibeigloo and Liew (2013) examined the bending behavior 
of FG-CNTCRs rectangular plate based on the three-dimensional theory of elasticity. Wu et al. 
(2016) examined the imperfection sensitivity of the nonlinear vibration behavior of FG-CNTCR 
beams.  
Graphene and its derivatives, e.g. graphene oxide and graphene platelets (GPLs), are another 
kind of ideal reinforcement in composites which have been proven to be superior to CNTs due to 
its high aspect ratio, larger specific surface area, relatively low cost for large-scale production 
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using bulk graphite (Stankovich et al., 2006). Ramanathan et al. (2008) observed the poly 
composites could significantly enhance the Young’s modulus by blending a small amount of 
graphene sheets. Rafiee et al. (2009) experimentally investigated the influences of SWCNT, 
MWCNT and GPL nanofillers on mechanical properties of epoxy nanocomposites and found that 
the Young’s modulus, tensile strength and fracture toughness of graphene-based nanocomposites 
are obviously greater than those of CNTs-based nanocomposites. They also demonstrated that 
graphene nanoribbons as additives for mechanical properties enhancement in composites exhibit 
better performance than that of CNTs-reinforced composites yet at an order of magnitude lower 
cost (Rafiee et al., 2010). Chandra et al. (2012) proposed a multiscale finite element method to 
study the natural frequencies and mode shapes of graphene composite structures. Young et al. 
(2012) gave a comprehensive review of the mechanics of graphene-based nanocomposites, 
including the preparation and characterization of different forms of graphene. Dai and 
Mishnaevsky (2014) developed a 3D computational model to analyze the damage and fracture 
mechanisms of graphene-reinforced polymer composites. One reason for significantly better 
improvements of graphene could be attributed to the relatively large interfacial area and excellent 
interfacial adhesion between the matrix and the graphene (Montazeri and Rafii-Tabar, 2011; 
Liang et al., 2016).  
Most recently, Yang and his co-workers introduced the FGM concept into graphene based 
nanocomposites and proposed the multilayer functionally graded graphene platelet reinforced 
composites (FG-GPLRC). Song et al. (2017) studied the dynamic performances of functionally 
graded multilayer GPL-reinforced composite plates, where GPL concentration varies 
continuously over thickness direction. Feng et al. (2017a, b) investigated the nonlinear bending 
and vibration of polymer nanocomposite beams reinforced with non-uniformly distributed GPLs. 
Yang et al. (2017a, b) examined the thermoelastic bending behaviours of functionally graded 
graphene reinforced rectangular, circular and annular plates within the framework of three- 
dimensional elasticity theory. Wu et al. (2017) discussed the dynamic instability of functionally 
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graded multilayer nanocomposite beams reinforced with GPLs in thermal environment. Yang et 
al. (2017c) presented the analysis of buckling and postbuckling of functionally graded multilayer 
GPL-reinforced composite beams. Shen et al. (2017 a, b) discussed the thermal postbuckling and 
nonlinear bending of graphene-reinforced composite laminated plates in thermal environments.  
The objective of this paper is to present an analytical investigation on the buckling and free 
vibration behaviors of initially stressed multilayer FG-GPLRC cylindrical shell with a particular 
emphasis on the effect of the initial axial loading on the critical buckling load and the natural 
frequencies, which has not been addressed before. The modified Halpin-Tsai model and the rule 
of mixtures are employed to evaluate the effective material constants of the nanocomposite. The 
present analytical study is based on the three-dimensional theory of elasticity with solutions 
obtained by using the state-space method. The effects of dispersion pattern and size of GPL 
nanofillers, and the geometrical configuration of the cylindrical shell are also discussed in details 
through a parametric study. 
2. Basic formulations 
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Fig. 1 Geometry and coordinates of an FG-GPLRC cylindrical shell. 
An FG-GPLRC cylindrical shell with axial length l, inner radius a and outer radius b is 
shown in Fig. 1 (a). It is assumed that GPL nanofillers are dispersed in the matrix either 
uniformly or non-uniformly distributed through the thickness direction of the shell. The 
(a) (b) 
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multilayered material model is employed, and thus the composite cylindrical shell is divided into 
p layers of equal thickness  ph b a p  , as shown in Fig. 1 (b). The GPL nanofillers in each 
layer are assumed to be uniformly distributed. For the jth natural layer of the multilayered 
material model ( 1,2, ,j p ), the inner and outer radii are denoted by  1j pa a j h    and 
j pb a jh  , respectively. In the cylindrical coordinate system  , ,r z , the three displacement 
components in the r, θ and z-directions are denoted as ru , u  and zu , respectively. The 
constitutive relations for isotropic materials can be written as  
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c  are the effective elastic constants of the jth layer, 
which can be expressed as 
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in which  jE  and
 j
v  are the Young’s modulus and Poisson’s ratio. 
For a shell under a uniform initial stress 0  in the axial direction only, its equilibrium 
equations in the absence of body forces are given as (Cheng and Shen, 1997; Du et al., 2007) 
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where  
j
  is the effective density of the jth layer, and 0 0   indicates compressive stress and 
0 0   means tensile stress for the conveniency of discussion hereafter. 
By rearranging Eqs. (1) and (3) properly, the state equation can be derived as (Ding et al., 
2006) 
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and jM  is a sixth order operator matrix given in Appendix.  
The other three variables can be determined as 
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where the constants 
 
1
j
k , 
 
2
j
k  and 
 
3
j
k  are also defined in Appendix. 
The simply-supported boundary conditions of the cylindrical shell require  
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To satisfy these boundary conditions, the state vector jV  can be expressed as  
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where ,r a z l   , m is the axial mode number, n is the circumferential mode number, and 
  is the circular frequency.          , , , ,j j j j jU V W S Y  and  jZ  indicate the dimensionless 
quantities, and 0c  represents the Young’s modulus of the matrix of the composites. 
Substituting Eq. (7) into (4) yields 
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dimensionless state vector, and the dimensionless system matrix  j M  is also given in 
Appendix. 
It should be noted that the system matrix  j M  in the differential equation (8) is not 
constant, and it is difficult to get the solution for this equation directly. To overcome this 
difficulty, the layer-wise solution method (Fan and Zhang, 1992; Chen et al., 2004) is employed 
in which an arbitrary layer, say, for example, the jth layer, is divided into q sub-layers with equal 
thickness    ph q b a pq  . Provided that the sub-layer is sufficiently thin, the variable   
can be regarded as constant and taken as the value at the middle surface of the sub-layer, which is 
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By doing so, the system matrix    
kj j j
 M M  for the kj th sub-layer of the jth layer of 
the shell becomes constant. Therefore, the solution for Eq. (8) for the kj th sub-layer is 
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Using Eq. (10) and the continuity conditions of the state variables at each interface of the 
sub-layer, the state vector of the outer side of the jth layer can be expressed by the inner side state 
vector as 
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The continuity conditions of state variables at each interface of the multilayered material 
model yield 
    1 1p  V TV   (12) 
where 
1
jj p
T T  is a sixth-order square matrix, b a   is the ratio between the outer radius 
and inner radius of the shell, and 1V  and pV  are the state vectors at the inner and outer 
cylindrical surfaces, respectively. 
The tractions-free conditions at the inner and outer surfaces of the composite shell lead to 
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The substitution of Eq. (13) into Eq. (12) gives 
                        
T T
1 1 1
, , , 0, 0, 0 1 , 1 , 1 , 0, 0, 0
p p p
U V W U V W     
   
T   (14) 
The fourth, fifth and sixth equations in the above equation arrive at 
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where ijT  are the elements in matrix T. For Eq. (15) to have non-trivial solutions, the 
determinant of the coefficient matrix must be equal to zero. Hence the frequency equation of the 
FG-GPLRC cylindrical shell can be obtained from 
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   (16) 
For elastic buckling of the FG-GPLRC cylindrical shell, the critical buckling load can be 
determined by letting 0   in Eq. (16). 
 
3. Effective material properties of FG-GPLRCs 
It is assumed that GPLs are uniformly dispersed in the matrix within each individual layer of 
the shell, and act as an effective rectangular solid fiber with width GPLw , length GPLl , and 
thickness GPLt . To predict the effective elastic modulus of the GPL reinforced nanocomposites, 
the modified Halpin-Tsai model is employed (Halpin and Kardos, 1976), which gives 
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where CE  is the effective elastic modulus, GPLE  and ME are the moduli of the GPL and 
matrix, and GPL GPL2l l t   and GPL GPL2w w t   indicate the size effects of the nanofillers. 
GPLV  is the volume fraction of GPLs, and can be expressed by the weight fraction GPLW  as 
follows 
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where GPL  and M  are the densities of the GPL and matrix, respectively. 
The modified Halpin-Tsai model is accurate to evaluate the effective elastic modulus of the 
GPL-reinforced composites. The theoretical prediction of Young’s modulus by Eq. (17) for 
GPL-reinforced Epoxy composites ( GPL 0.1%W  ) is 3.8 GPa, only 2.7% higher than the result 
(3.7 GPa) measured by experiments (Rafiee et al., 2009). 
The effective mass density and Poisson’s ratio of the nanocomposites can be obtained by 
using the general rule of mixtures as (Rafiee et al., 2009)  
  C GPL GPL M GPL1V V       (19) 
  C GPL GPL M GPL1V V       (20) 
where GPL  and M  are the Poisson’s ratios of the GPL and matrix, respectively. 
After all of the effective material properties of each layer have been determined from Eqs. 
(17), (19), and (20), the buckling and free vibration of the composite cylindrical shell can be 
analysed by solving Eq. (16). 
 
4. Numerical results and discussion 
4.1 Validation and convergence studies 
Table 1 Comparison of the natural frequency (in Hz) of a simply-supported FGM cylindrical shell. 
n 
0.5N   1N   30N   
Present Loy et al Errors (%) Present Loy et al Errors (%) Present Loy et al Errors (%) 
1 13.341 13.321 0.15 13.242 13.211 0.23 12.945 12.914 0.24 
2 4.5295 4.5168 0.28 4.480 4.480 0 4.3810 4.3765 0.10 
3 4.1830 4.1911 -0.19 4.1459 4.1569 -0.26 4.0469 4.0576 -0.26 
4 7.0913 7.0972 -0.08 7.0325 7.0384 -0.08 6.8561 6.8726 -0.24 
5 11.328 11.336 -0.07 11.229 11.241 -0.10 10.949 10.978 -0.26 
6 16.583 16.594 -0.06 16.438 16.455 -0.10 16.029 16.071 -0.26 
7 22.811 22.826 -0.06 22.612 22.635 -0.10 22.049 22.108 -0.26 
8 30.002 30.023 -0.06 29.741 29.771 -0.10 29.001 29.078 -0.26 
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9 38.155 38.181 -0.06 37.822 37.862 -0.10 36.882 36.981 -0.26 
10 47.267 47.301 -0.07 46.855 46.905 -0.10 45.691 45.813 -0.26 
The free vibration of an FGM shell composed of nickel and stainless steel is examined first 
to validate the present theoretical formulations and computer program. The property of the FGM 
composite shell is characterized by      0 11
N N
r a h r a h       
 
, in which   
represents an arbitrary material constant of FGM, while 0  and 1  are the corresponding ones 
for nickel on its inner surface and stainless steel on its outer surface, respectively, N is the 
gradient index, and h b a   is the thickness of the FGM shell (Loy et al., 1999). The 
following parameters, 1m  , 20l a  , 0.002h a   and 1ma   are used in the calculations, 
and the FGM shell is divided into 10 thin sub-layers when employing the layer-wise method. It 
can be seen from Table 1 that the comparison with Loy et al. shows an excellent agreement.  
Table 2 Axial buckling load 
4( 10 )crp   of a cylindrical shell with a functionally graded middle layer. 
δ 
k = 0.1 k = 0.4 k = 0.8 
Li and Batra Present Li and Batra Present Li and Batra Present 
10 432.64 432.65 472.70 472.72 526.10 526.11 
30 137.69 137.70 153.11 153.11 173.66 173.68 
50 83.227 83.228 92.151 92.150 104.05 104.06 
100 41.737 41.736 46.741 46.739 52.351 52.351 
200 20.849 20.848 23.083 23.082 26.061 26.060 
Buckling of a simply supported three-layer circular cylindrical shell is also studied, where 
the inner and outer layers of the shell are comprised of the homogeneous and isotropic material, 
and the middle layer is made of an isotropic functionally graded material whose Young’s 
modulus varies as     1 2 1 , 1 2 1 2E r E k k r r       in which 2 1k E E  with 1E  and 
2E  being the Young’s moduli of the inner and outer layers, respectively. The two ends of the 
cylinder are subjected to a uniformly distributed axial compressive load P. The axially symmetric 
buckling loads crp P C  for different values of /R h   and k are listed in Table 2, where 
 21 11C E h   , R represents the undeformed mid-surface radius, 1 22h h h   is the thickness 
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of the shell with 1h  being the thickness of the inner and outer layers and 2h  the thickness of 
middle layer, and 1 0.3   is the Poisson’s ratio of inner layer.  The following parameters are 
taken in the calculation, i.e., 1.0l R  , 1 2 0.8h h  , and a 20 thin sub-layer model is employed 
when using the layer-wise method. The present results agree quite well with the existing ones by 
Li and Batra (2006) as listed in Table 2. 
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Fig. 2 Natural frequency   of a homogeneous isotropic cylindrical shell with initial stress. 
The free vibration of a simply supported isotropic homogeneous cylindrical shell under an 
initial axial tension 0 0.001 pp E  is analyzed for further validation where  21pE Eh    is 
the extensional modulus of the shell, while E  is the elastic modulus,   is the Poisson’s ratio 
and taken as 0.3 in the calculation, and h is the thickness, respectively. The natural frequencies 
 h G     of the shell with/without initial axial tension against mR l  are shown in 
Fig. 2, where   is the density, G  is the shear modulus, and R is the radius of the middle 
surface of the shell. Our results are almost identical with those reported by Armenakas (1964). 
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Fig. 3 Five typical GPL dispersion patterns. 
In what follows, an FG-GPLRC polymer cylindrical shell is studied in which GPLs are 
dispersed into Epoxy matrix according to five different patterns shown in Fig. 3. Among them, 
GPL-UD represents a uniform distribution of GPLs while GPL-V, GPL-A, GPL-X, and GPL-O 
are non-uniform distributions. In GPL-V, the outer surface of the cylindrical shell is GPL-rich, 
while this is inversed in GPL-A. In GPL-X, both external and internal surfaces are GPL-rich 
whereas the middle layer of the shell is GPL-rich in GPL-O. The volume fraction of GPLs in 
each pattern shows a layer-wise variation along the thickness with GPL uniformly dispersed in 
each individual layer. For example, the volume fraction of the jth layer can be characterized by 
   GPL GPL
1
, 1,2, ,
p
j
i
V jpV i j p

   for GPL-V. Unless otherwise stated, the following material 
and geometrical parameters are used: GPL 1.01TPaE  ,
3
GPL 1.06 g cm  , , 
M 3.0 GPaE  , 
3
M 1.2 g cm  , M 0.34  , and 2.5μml  , 1.5 μmw  , 1.5 nmt  , 
respectively (Liu et al., 2007; Rafiee et al., 2009). The total GPL weight fraction GPLW  is 1.5%. 
It is obvious that convergent results can be achieved as the total number of layers in the 
multilayer structure increases and a sufficient number of sub-layers are used in the state-space 
approach. Tables 3 shows the convergence analysis of the dimensionless fundamental frequency 
0 0a c    of the composite cylindrical shell ( 1.01b a   and 2m a l   ), where 0c  
and 0  are the Young’s modulus and mass density of Epoxy matrix, and   is a combined 
parameter that can either represent the axial mode number m or a dimensionless stubbiness ratio 
GPL 0.186 
     
(a) GPL-UD (b) GPL-V (c) GPL-A (d) GPL-X (e) GPL-O 
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a l  (i.e. the reciprocal of the slenderness ratio l a ). It is seen that the results exhibit excellent 
convergence. In the following numerical calculations, 10p   and 10q   are used.  
Table 3 Convergence analysis. 
p q GPL-UD GPL-V GPL-A GPL-X GPL-O 
10 2 0.3743 0.3506 0.3518 0.4131 0.3313 
5 0.3743 0.3505 0.3516 0.4129 0.3312 
10 0.3743 0.3505 0.3516 0.4129 0.3312 
20 0.3743 0.3504 0.3515 0.4129 0.3311 
50 0.3743 0.3504 0.3515 0.4129 0.3311 
20 2 0.3743 0.3505 0.3516 0.4130 0.3312 
5 0.3743 0.3505 0.3516 0.4129 0.3312 
10 0.3743 0.3504 0.3515 0.4129 0.3311 
20 0.3743 0.3504 0.3515 0.4129 0.3311 
50 0.3743 0.3504 0.3515 0.4129 0.3311 
50 2 0.3743 0.3505 0.3516 0.4129 0.3312 
5 0.3743 0.3504 0.3515 0.4129 0.3311 
10 0.3743 0.3504 0.3515 0.4129 0.3311 
20 0.3743 0.3504 0.3515 0.4129 0.3311 
50 0.3743 0.3504 0.3515 0.4129 0.3311 
4.2 Buckling of FG-GPLRC cylindrical shell under initial stress 
Table 4 Dimensionless critical buckling stresses cr  for different dispersion patterns. 
b/a α Epoxy GPL-UD GPL-V GPL-A GPL-X GPL-O 
1.01 2 0.0058 0.0171 (194.8%) 0.0159 (174.1%) 0.0160 (175.8%) 0.0193 (231.0%) 0.0145 (150.0%) 
5 0.0059 0.0174 (194.9%) 0.0164 (177.9%) 0.0164 (177.9%) 0.0195 (230.5%) 0.0151 (155.9%) 
10 0.0060 0.0176 (193.3%) 0.0165 (175.0%) 0.0166 (176.6%) 0.0198 (230.0%) 0.0152 (153.3%) 
2 2 0.2332 0.6838 (193.2%) 0.6411 (174.9%) 0.6532 (180.1%) 0.6778 (190.6%) 0.6343 (171.9%) 
5 0.2915 0.8550 (193.3%) 0.8094 (177.6%) 0.7519 (157.9%) 0.7814 (168.0%) 0.7594 (160.5%) 
10 0.3193 0.9366 (193.3%) 0.8554 (167.8%) 0.8301 (159.9%) 0.8860 (177.4%) 0.8668 (171.4%) 
5 2 0.3225 0.9460 (193.3%) 0.8291 (157.0%) 0.6591 (104.3%) 0.8922 (176.7%) 0.8591 (166.4%) 
5 0.3234 0.9486 (193.3%) 0.8548 (164.3%) 0.6827 (111.2%) 0.9131 (182.3%) 0.8703 (168.5%) 
10 0.3241 0.9507 (193.3%) 0.8706 (168.6%) 0.7145 (120.5%) 0.9252 (185.5%) 0.8046 (174.5%) 
*
 Value in the bracket denotes the change of critical buckling stress (
G E E( ) /cr cr cr   ), in which 
E
cr  and 
G
cr  are the 
dimensionless critical buckling stresses of the shell reinforced with and without GPLs, respectively.
 
Buckling of the FG-GPLRC cylindrical shell induced by axial compressive stress can be 
obtained by letting 0   in Eq. (16). The dimensionless critical buckling stress 0 0cr c   
of the composite cylindrical shell with different geometry configures are listed in Table 4, where 
  
 
15 
the five typical GPL dispersion patterns described above are examined. The critical buckling 
stress of pristine Epoxy shell is also given for comparison. It can be observed that the blending of 
GPLs into the Epoxy matrix can promote the critical buckling stress of the composite shell 
dramatically. Table 4 also indicates that the pattern GPL-X presents a more pronounced 
promotion of critical buckling stress than the other four dispersion patterns for thin composite 
shell ( 1.01b a  ). This is due to that the distribution of stress in the thin shell coincides with the 
dispersion of GPLs. The pattern GPL-X disperses more GPL nanofillers near the inner and outer 
surfaces of the shell where very high normal stress is located and much less content near its 
mid-plane where the normal stress is very small. This is the most effective way to strengthen 
stiffness to improve the stability. While for the moderately thick ( 2b a  ) and thick ( 5b a  ) 
cases, the normal stress of the composite shell under axial compression tend to be homogeneous 
due to the increase of geometric stiffness. Thus, the pattern GPL-UD could promote the buckling 
stress more remarkable.  
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Fig. 4 Effect of GPL weight fraction on the change of critical buckling stress. 
Fig. 4 investigates the effect of GPL weight fraction on the change of critical buckling stress 
of the thin composite shell with different GPL dispersion patterns. The critical buckling stress of 
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the composite shell would increase with enlarging the content of GPLs. At the same amount of 
GPLs additives, GPL-X gives the highest critical buckling stress than the other patterns for thin 
shell. The changes of critical buckling stress of thick composite shells ( 2b a   and 5) against 
the GPL weight fraction are similar with that for the thin shell, and are omitted here.  
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.010
0.012
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0.022
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cr
lGPL/tGPL (×10
3)
 lGPL/wGPL = 2
 lGPL/wGPL = 1
 lGPL/wGPL = 0.5
 
Fig. 5 Size effect on the critical buckling stress cr  of composite shell 1.01b a   with pattern GPL-X. 
Fig. 5 presents the size effect of GPL nanofillers with respect to length-to-thickness ratio 
GPL GPLl t  on dimensionless critical buckling stress of the composite shell, where the length of 
GPL keeps a constant. Note that the geometric size of GPLs can play an important role on the 
buckling of composite shell. The critical buckling stress increases with decreasing the thickness 
of GPLs, which indicates that the monolayer graphene would be most effective in improving the 
critical buckling stress. Results also show that the composite shell reinforced by wider GPL 
(smaller GPL GPLl w ) has larger critical buckling stress than that reinforced by longer GPL (larger 
GPL GPLl w ). 
The variations of the dimensionless critical buckling stress against   are shown in Fig. 6. 
Higher order of buckling mode occurs first for the thin composite shell, i.e., 6,7,8,9n   as 
shown in Fig. 6(a). However, the first barrelling mode ( 0n  ) would be the most unstable mode 
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for the moderately thick and thick composite shells, except for the moderately thick shell with 
small  . This is also decided by the distributions of GPL nanofillers and stresses in the shell. 
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Fig. 6 Variation of critical buckling stress cr  of composite shell against  . 
4.3 Free vibration of FG-GPLRC cylindrical shell 
Table 5 The first three dimensionless natural frequencies   for thin shell. 
  Epoxy GPL-UD GPL-V GPL-A GPL-X GPL-O 
2 0.1528 0.3743 (144.9%) 0.3504 (129.3%) 0.3515 (130.0%) 0.4129 (170.2%) 0.3311 (116.7%) 
0.1588 0.3891 (145.0%) 0.3777 (137.8%) 0.3782 (138.2%) 0.4085 (157.2%) 0.3537 (122.7%) 
0.1731 0.4239 (144.9%) 0.3856 (122.8%) 0.3872 (123.7%) 0.4838 (179.5%) 0.3688 (113.1%) 
5 0.3850 0.9429 (144.9%) 0.8941 (132.2%) 0.8965 (132.9%) 1.0224 (165.6%) 0.8412 (118.5%) 
0.3942 0.9654 (144.9%) 0.8969 (127.5%) 0.8999 (128.3%) 1.0345 (162.4%) 0.8555 (117.0%) 
0.4005 0.9812 (150.0%) 0.9488 (136.9%) 0.9511 (137.5%) 1.0744 (168.3%) 0.8745 (118.4%) 
10 0.7747 1.8976 (144.9%) 1.7904 (131.1%) 1.7962 (131.9%) 2.0529 (165.0%) 1.6900 (118.1%) 
0.7820 1.9152 (145.2%) 1.7946 (129.5%) 1.8001 (130.2%) 2.0629 (163.8%) 1.7001 (117.4%) 
0.7826 1.9171 (144.7%) 1.8216 (132.8%) 1.8277 (133.5%) 2.0811 (165.9%) 1.7134 (118.9%) 
*
 Value in the bracket denotes the change of dimensionless natural frequency ( GPL Epoxy Epoxy( ) /   ), in which GPL  
and Epoxy  are the dimensionless natural frequencies of shell reinforced with and without GPL, respectively.
 
 
Table 6 The first three dimensionless natural frequencies   for moderately thick shell. 
  Epoxy GPL-UD GPL-V GPL-A GPL-X GPL-O 
2 0.9659  2.3674 (145.1%)  2.2362 (131.5%) 2.2517 (133.1%)  2.3030 (138.4%)  2.2171 (129.5%) 
0.9996  2.4499 (145.1%)  2.2518 (125.3%) 2.3636 (136.5%)  2.3663 (136.7%)  2.2915 (129.2%) 
1.0161  2.4904 (145.1%)  2.3753 (133.8%) 2.4659 (142.7%)  2.4109 (137.3%)  2.3348 (129.8%) 
5 2.6997  6.6185 (145.2%)  6.2760 (132.5%) 5.4878 (103.3%)  6.1009 (126.0%)  5.4369 (101.4%) 
2.7156  6.6576 (145.2%)  6.2435 (129.9%) 5.5120 (103.0%)  6.1354 (125.9%)  5.5064 (102.8%) 
2.7680  6.7861 (145.2%)  6.3383 (129.0%) 5.5865 (101.8%)  6.2496 (125.8%)  5.5747 (101.4%) 
10 5.6503 13.8540 (145.2%) 10.3491 ( 83.2%) 9.6421 ( 70.6%) 12.0604 (113.4%) 11.7123 (107.2%) 
5.6603 13.8785 (145.2%) 10.3520 ( 82.9%) 9.6527 ( 70.5%) 12.0798 (113.4%) 11.7251 (107.1%) 
5.6897 13.9504 (145.2%) 10.3782 ( 82.4%) 9.6843 ( 70.2%) 12.1380 (113.3%) 11.7632 (106.7%) 
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Table 7 The first three dimensionless natural frequencies   for thick shell. 
  Epoxy GPL-UD GPL-V GPL-A GPL-X GPL-O 
2 1.1358  2.7846 (145.2%)   2.3617 (107.9%)  2.3878 (110.2%) 2.5410 (123.7%) 2.3952 (110.9%) 
1.1386  2.7916 (145.2%)   2.3396 (105.5%)  2.4030 (111.0%) 2.5437 (123.4%) 2.4061 (111.3%) 
1.1561  2.8346 (145.2%)   2.4027 (107.8%)  2.5794 (123.1%) 2.5997 (124.9%) 2.4395 (111.0%) 
5 2.8432  6.9711 (145.1%)   6.3473 (123.2%)  5.9247 (108.4%) 6.3540 (123.5%) 6.0173 (111.6%) 
2.8458  6.9773 (145.1%)   6.9155 (143.0%)  5.9267 (108.3%) 6.3587 (123.4%) 6.0201 (111.5%) 
2.8534  6.9961 (145.1%)   6.9401 (143.2%)  5.9295 (107.8%) 6.3778 (123.5%) 6.0687 (112.7%) 
10 5.6928 13.9579 (145.1%) 11.2377 (97.40%) 11.0903 (94.81%) 13.4505(136.2%) 12.6115 (121.5%) 
5.6940 13.9610 (145.1%) 11.2592 (97.73%) 11.0918 (94.79%) 13.4553(136.3%) 12.6133 (121.5%) 
5.6977 13.9699 (145.1%) 11.3245 (98.75%) 11.0965 (94.75%) 13.4697(136.4%) 12.6187 (121.4%) 
 
Tables 5-7 list the first three dimensionless natural frequencies   of FG-GPLRC thin, 
moderately thick, and thick shells without initial stress respectively, and the corresponding 
natural frequencies of pristine Epoxy shell are also given for comparision. It can be seen that the 
natural frequency of the composite shell reinforced by GPLs is higher than that of the pristine 
Epoxy shell, no matter how the GPLs are distributed in the Epoxy matrix. The change of natural 
frequency defined by GPL Epoxy Epoxy( ) /    shows that the pattern GPL-X would promote the 
natural frequency of FG-GPLRC thin shell more effectively. This is consistent with the buckling 
behavior of the thin composite shell discussed above, and also the free vibration of functionally 
graded polymer composite thin plate reinforced with graphene nanoplatelets (Song et al., 2017). 
However, the natural frequencies of the moderately thick and thick shells reinforced by pattern 
GPL-UD are higher than those of the other patterns. The effects of GPL dispersion pattern on 
promotion of the natural frequency of shells with different thicknesses are decided by stress 
distribution through the thickness as stated above. The corresponding dispersion pattern of GPLs 
can make the best use of the high modulus GPL nanofillers therefore leads to the biggest increase 
of the stiffness of shell with different thicknesses. The dimensionless frequency of FG-GPLRC 
shell against   is plotted in Fig. 7. The corresponding fundamental frequency of the composite 
shell depends on thickness, the GPL dispersion pattern, and the combined parameter  . The 
higher order vibration mode (large n) would occur first for the thin composite shell. However, 
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lower mode is dominant in the vibration of moderately thick and thick composite shells. This is 
similar with the buckling modes of composite shell as discussed in Fig. 6. 
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Fig. 7 Variation of the dimensionless natural frequency   of composite shell against  . 
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Fig. 8 Effect of GPL weight fraction on the change of the fundamental frequency. 
Fig. 8 reveals the effect of GPL weight fraction on the change of the fundamental frequency 
of the thin composite shell with different GPL dispersion patterns. It is similar with that for the 
critical buckling stress of composite shell, where the natural frequency would increase with 
blending more content of GPLs into the matrix. The pattern GPL-X would promote the 
fundamental frequency of the shell more remarkable than the other patterns for the some contents 
of GPLs. 
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Fig. 9 Size effect of GPLs on the dimensionless fundamental frequency   of composite shell. 
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The size effect of GPLs on the fundamental frequency of the thin composite shell with 
pattern GPL-X is shown in Fig. 9. It shows wider and/or longer GPL can increase the frequency 
more efficiently, and also thinner GPL would promote the natural frequency more outstandingly. 
Again, it is thought that the single-layer graphene with one-atom-thickness should be the most 
ideal nanofiller as reinforcements into the matrix of the composites.  
The effects of initial stress on the dimensionless fundamental frequency   of the 
FG-GPLRC cylindrical shell are given in Tables 7-9, where 0   indicates axial compressive 
stress, and 0   means axial tensile stress. Results reveal that the initial compressive stress 
could reduce the elastic stiffness of the composite shell. Thus, the corresponding natural 
frequency would be decreased. It inverses for the initial tensile stress. 
Table 7 Effect of initial stress on the fundamental frequency   of thin shell with GPL-X. 
α 0.5cr    0.1cr    0   0.1cr     0.5cr     
2 0.3545 0.3965 0.4064 0.4160 0.4524 
0.3572 0.3990 0.4088 0.4183 0.4545 
0.4343 0.4692 0.4776 0.4858 0.5173 
5 0.8854 0.9896 1.0140 1.0378 1.1280 
0.9023 1.0048 1.0288 1.0523 1.1413 
0.9412 1.0398 1.0630 1.0858 1.1723 
10 1.7787 1.9893 2.0386 2.0867 2.2689 
1.7868 1.9966 2.0457 2.0936 2.2752 
1.8140 2.0209 2.0694 2.1168 2.2966 
Table 8 Effect of initial stress on the fundamental frequency   of moderately thick shell with GPL-UD. 
α 0.5cr    0.1cr    0   0.1cr     0.5cr     
2 
2.0578 2.3088 2.3674 2.4246 2.6410 
2.1522 2.3933 2.4499 2.5052 2.7152 
2.1981 2.4348 2.4904 2.5448 2.7518 
5 
5.7529 6.4546 6.6185 6.7783 7.3833 
5.7978 6.4947 6.6576 6.8165 7.4184 
5.9450 6.6264 6.7861 6.9421 7.5339 
10 
12.0421 13.5111 13.8540 14.1887 15.4550 
12.0702 13.5362 13.8785 14.2126 15.4770 
12.1528 13.6099 13.9504 14.2828 15.5414 
Table 9 Effect of initial stress on the fundamental frequency   of thick shell with GPL-UD. 
α 0.5cr    0.1cr    0   0.1cr     0.5cr     
2 2.4204 2.7157 2.7847 2.8519 3.1065 
2.4284 2.7228 2.7916 2.8587 3.1126 
2.4777 2.7669 2.8346 2.9007 3.1513 
5 6.0593 6.7985 6.9711 7.1395 7.7767 
6.0665 6.8049 6.9773 7.1456 7.7823 
6.0880 6.8242 6.9961 7.1639 7.7991 
10 12.1324 13.6124 13.9579 14.2951 15.5709 
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12.1359 13.6155 13.9609 14.2980 15.5736 
12.1462 13.6247 13.9700 14.3068 15.5817 
 
Table 10 Effect of initial stress on the fundamental frequency   for different dispersion patterns (α = 2). 
b/a 
0   GPL-UD GPL-V GPL-A GPL-X GPL-O 
1.01 0 0.3743  0.3529  0.3539  0.4064  0.3362  
1 0.3418 (-8.6%) 0.3183 (-9.8%) 0.3194 (-9.7%) 0.3767 (-7.3%) 0.2996 (-10.8%) 
-1 0.4041 ( 8.0%) 0.3844 ( 8.9%) 0.3853 ( 8.9%) 0.4340 ( 6.7%) 0.3692 ( 9.8%) 
2 0 2.3674  2.2493  2.2673  2.3278  2.2425  
1 2.1610 (-8.7%) 2.0310 (-9.7%) 2.0510 (-9.5%) 2.1175 (-9.0%) 2.4420 ( 8.9%) 
-1 2.5572 ( 8.0%) 2.4483 ( 8.8%) 2.4648 ( 8.7%) 2.5206 ( 8.2%) 2.0234 (-9.8%) 
5 0 2.7847  2.3934  2.0446  2.6246  2.4994  
1 2.5420 (-8.7%) 2.1065 (-12.0%) 1.6999 (-16.8%) 2.3657 (-9.8%) 2.2261 (-10.9%) 
-1 3.0078 ( 8.0%) 2.6494 ( 10.7%) 2.3390 ( 14.4%) 2.8601 ( 8.9%) 2.7456 ( 9.9%) 
* Value in the bracket denotes the change of fundamental frequency ( 0 0 0( ) /       ) due to initial stress, in which 0   
and 0   are the dimensionless fundamental frequencies of the shell with and without initial stress, respectively. 
 
Table 10 shows the effect of initial stress on the fundamental frequency of the shell. 0  is 
the critical buckling stress of pristine Epoxy shell, i.e., 0 0.0058, 0.2332, and 0.3225   for 
1.01, 2, and 5b a  , respectively as given in Table 4, and it would keep the FG-GPLRC shell 
stable when under compressive stress. It can be seen that the fundamental frequency of the thin 
composite shell with pattern GPL-X presents more insensitive to initial stress than the other 
patterns, and the pattern GPL-UD works better for both the moderately thick and thick shells. 
5. Conclusions 
The buckling and free vibration analyses of FG-GPLRC cylindrical shell under initial stress 
have been performed. The state-space formulation is established based on the three-dimensional 
theory of elasticity, and the layer-wise method is employed to deal with the variable coefficients 
differential equation. Analytical solutions of buckling and free vibration of the composite 
cylindrical shell with simply supported boundary conditions have been obtained. The effects of 
GPL dispersion pattern and size as well as the initial axial stress on the critical buckling stress 
and natural frequencies of the shell have been discussed.  
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It is found from numerical results that the GPL-X pattern can increase the critical buckling 
stress and natural frequencies of thin composite shell more effectively. This is consistent with the 
observations obtained by using two-dimensional shell theories. While for thick FG-GPLRC 
shells, our three-dimensional elasticity theory based solutions show that the uniform pattern 
GPL-UD works much better, which has not been reported in shell theory based previous studies. 
Since no assumption on the deformation of the FG-GPLRC cylindrical shell is used in the 
analysis, the present study is accurate hence can serve as the benchmark to assess the analysis 
based on simplified shell theories for FG-GPLRC shells. 
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Appendix 
The system matrix jM  of Eq. (4) can be expressed as  
 
   
   
1 2
3 4
j j
j j j
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The dimensionless system transfer matrix  j M  of Eq. (8) is 
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where m a l   is a combined parameter indicated the axial mode number and the length of 
the shell, 0 0a c    is the dimensionless natural frequency. In the numerical example, 0  
and 0c  can be chosen as the density and the Young’s modulus of the matrix, respectively. 
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